Abstract. This paper is the second part of a series of three papers on the fundamental groups of complements of conic-line arrangements in CP 2 with tangency points. In this part, we use the local braid monodromies which were computed in the first part (see [1] ) for studying the fundamental groups of the complements of arrangements in CP 2 with simple tangency points (i.e. with order up to 3). Globally, we deal with the different configurations of two tangented conics with up to three additional lines.
Introduction
In this paper we compute fundamental groups of complements of conic-line arrangements in CP 2 with simple tangency points (tangent points with order smaller or equal to 3). The paper is based on [1] which includes local braid monodromies computations. We also computed there the relations which are induced by those singularities.
Algorithmically, this paper uses the computations of local braid monodromies (see [1] ), the braid monodromy techniques of MoishezonTeicher (see [6] , [8] , [9] , [10] , [11] and [12] ), the Enriques -van Kampen Theorem (see [13] ) and some group calculations for studying the fundamental groups. See [3] for detailed exposition of these techniques.
These arrangements may appear as a branch curve of a generic projection to CP 2 of a surface of general type (see for example [7] ). The proof of the first result is complete. Otherwise, we skip all the braid monodromy computations, and present only the presentation of the fundamental group obtained by the van Kampen Theorem.
We obtain the following results (we denote by e the unit element in the group): Proposition 1.1. Let S be a curve in CP 2 , which composed of two tangented conics. Then: 
] = e
In this paper, we actually cover all the cases of two tangented conics and up to three additional tangent lines with only simple tangency points. We only skip the cases that one of the lines intersects transversally the rest of the arrangement, since in this case the fundamental group can be decomposed to an infinite cyclic group (corresponds to the transversal line) and the fundamental group of the rest of the arrangement (see [5] ), and the latter group has already been computed.
One might think on more possibilities for conic-line arrangements with two tangented conics and some tangent lines (and the order of their singularities is smaller or equal to 3), but these cases are impossible due to the following remark. The paper is organized as follows. Section 2 deals with the proof of Proposition 1.1. In Section 3 we prove Proposition 1.2. Propositions 1.3 and 1.4 are proven in Section 4. In Section 5 we prove Propositions 1.5 and 1.6. Section 6 deals with some conjectures about the simplified presentation of the fundamental groups of general curves of this type.
Two tangented conics
In this section, we prove Proposition 1.1 which states that if S is a curve in CP 2 which composed of two tangented conics, then:
Proof of Proposition 1.1. Figure 1 shows a curve which is composed of two tangented conics. For computing the braid monodromy of this curve, we first have to compute the Lefschetz pairs of the singular points and to identify their types for applying the Moishezon-Teicher algorithm correctly (see [10] ). In the following table, we summarize this data. 
By the Moishezon-Teicher algorithm, we get the skeletons related to the braid monodromy as shown in Figure 2 . By the van Kampen Theorem, we get the following presentation for the group π 1 (CP 2 − S):
It remains to show that this presentation is equivalent to the presentation of the group in the formulation of the proposition.
By Relation (2) (which is equal to Relation (7)), Relation (6) is equal to Relation (3) and Relation (5) is equal to Relation (4). Hence, Relations (5), (6) and (7) are redundant.
On the other hand, the first relation becomes x 2 3 x 2 x 1 = e. By Relation (5), we have x 2 3 x 2 x 3 x 2 x −1 3 = e, which yields that: (x 3 x 2 ) 2 = e. We also get that x 1 is redundant, and therefore we get the requested presentation.
Two tangented conics with one additional line
In this section we prove Proposition 1.2 which states that if S is a curve in CP 2 which composed of two tangented conics, and one additional line which tangents to one of the conics and intersects the other, then:
Proposition 1.2 presents the unique configuration of two tangented conics with an additional tangent line, which tangents to the conics in simple tangency points (by Remark 1.7).
Proof of Proposition 1.2. Figure 3 illustrates the curve mentioned in the formulation of the proposition: a curve with two tangented conics, and one line which tangents to one conic and intersects the second one. By the braid monodromy techniques and the van Kampen Theorem, we get the following presentation for π 1 (CP 2 − S): 
By Relation (6), Relation (5) has the following form: (
2 ). This is equal to x 1 x 2 = x 2 x 1 , which is already known by Relation (3). Hence, Relation (5) is redundant.
By Relation (3), Relation (7) is equal to
4 , which is equivalent to Relation (6) by Relation (2) . Hence, Relation (7) is redundant too.
By Relation (3) again, Relation (8) gets the form (x 1 x 5 ) 2 = (x 5 x 1 ) 2 , and Relation (10) is reduced to:
Relation (4) and Relation (9) are equal, since x 4 = x 5 . Therefore, we have the following equivalent presentation:
5 for x 2 in Relation (1) and Relation (2), yields the relations x 1 x 3 = x 3 x 1 and x 5 x 3 x 5 x 3 x 1 = e respectively. Hence, we get the following presentation:
By the first relation, x 1 = (x 5 x 3 ) −2 . Substituting it for x 1 in Relations (2) and (4) yields the relation (x 5 x 3 ) 2 = (x 3 x 5 ) 2 twice, which is already known by Relation (3). Hence, Relations (2) and (4) are redundant.
Therefore, we get the requested presentation. 
Two tangented conics with two additional lines
In this section, we will compute the fundamental group of the complement of the different possibilities for curves with two tangented conics and two additional lines which are tangented in only simple tangency points.
In the first subsection we prove Proposition 1.3 for the case where each line tangents a different conic. In the second subsection, we will prove Proposition 1.4 for the case where the two lines are tangented to the same conic.
4.1. Proposition 1.3. In this subsection we prove Proposition 1.3, which states that if S is a curve in CP 2 which composed of two tangented conics, and two additional lines, where each line tangents to a different conic, then:
Proof of Proposition 1.3. Figure 4 presents the curve mentioned in the formulation of the proposition: two tangented conics with two additional lines where each line tangents to a different conic. By the braid monodromy techniques and the van Kampen Theorem, we get the following presentation for π 1 (CP 2 − S): (1)
We have to show that this presentation is equivalent to the needed presentation.
By Relation (14), Relation (4) becomes x 2 x 5 = x 5 x 2 . Hence, Relation (5) is redundant. By the Relation (14) again, Relation (6) is equal to Relation (13) .
By Relation (12), Relation (10) is simplified to
By Relation (7), Relation (8) gets the following form:
5 by Relation (14). Combining this with Relation (11), we get that x 3 = x −1 1 x 3 x 1 . Hence x 1 x 3 = x 3 x 1 , and Relation (7) is now redundant. Also, Relation (9) becomes x 1 x 5 = x 5 x 1 , which is already known, and hence it is redundant.
Hence, we have the following equivalent presentation:
Relations:
By Relation (8), we substitute now
for x 3 in any place it appears. Hence, Relation (1) becomes
It is equal to x 5 x 4 x 5 x 4 x 2 x 1 = e, by Relation (5). Relation (2) becomes x 2 x 4 = x 4 x 2 by Relation (4), but this is already known (Relation (3)), and hence it is redundant. Relation (6) becomes
Hence, we get the following equivalent presentation:
By the first relation,
, it is reduced to x 4 x 2 = x 4 x 2 which is already known by Relation (2), and hence it is redundant.
Relation (6) gets the following form:
. By Relation (4) again, it is reduced to x 2 x 5 = x 5 x 2 , which is known too (Relation (3)) and hence it is redundant. Relation (7) is reduced by Relations (2) and (3) to the identity relation, and hence it is redundant too.
Therefore, we get the following presentation:
Now, since x 2 commutes with x 4 and x 5 and it is not involved in any other relation, we can decompose the presentation to the following direct sum:
which is the requested presentation.
4.2. Proposition 1.4. In this subsection, we prove Proposition 1.4, which states that if S is a curve in CP 2 which composed of two tangented conics, and two additional lines, which are both tangented to the same conic, then:
Proof of Proposition 1.4. Figure 5 presents two tangented conics with two additional lines, which are both tangented to one of the conics and intersect the second one. By the braid monodromy techniques and the van Kampen Theorem, we get the following presentation for π 1 (CP 2 − S):
Now, we have to show that this group is isomorphic to the group appearing in the formulation of the proposition.
Relation (5) is redundant, since it is equal to Relation (2). By Relation (3), Relation (8) is equal to Relation (4), and hence it is redundant.
By Relations (2) and (3), Relations (6) and (7) are both equal to
5 . By Relation (2) again, Relations (9), (10) and (13) 
By Relation (4), we substitute now x 5 x 4 x Hence, we get the following presentation:
Generators: {x 1 , x 2 , x 4 , x 5 }. Relations:
(1)
−2 . Now we can replace
, which is also equal to x 2 x 4 x 5 x 4 = x 4 x 5 x 4 x −1 5 x 2 x 5 by Relation (3). By Relation (2), the right side equals to x 4 x 2 x 5 x 4 , and hence we get that
Relation (7) gets the form:
. By Relation (3), this relation is reduced to x 2 x 4 = x 4 x 2 which is already known.
Relation (8) becomes:
which is equal to:
5 . By Relation (3), it is reduced to:
5 . After moving x 5 x 4 to the left side, by Relation (3) again, we have:
5 , which is equivalent to Relation (2), and hence it is redundant.
Finally, Relation (6) gets the form: (x Hence, we have the following equivalent presentation:
Generators: {x 2 , x 4 , x 5 }. Relations:
Hence, we are done.
Two tangented conics with three additional lines
In this section, we will compute the fundamental group of the complement of the different possibilities for curves with two tangented conics and three additional lines which are tangented to the conics in only simple tangency points.
In the first subsection we prove Proposition 1.5 for the case where two lines tangent to one conic and the third line tangents to the second conic. In the second subsection, we prove Proposition 1.6 for the case where all the three lines are tangented to the same conic.
5.1. Proposition 1.5. In this subsection we prove Proposition 1.5, which states that if S is a curve in CP 2 , which composed of two tangented conics, and three additional lines, two of them are tangented to one conic, and the third line is tangented to the second conic, then:
Proof of Proposition 1.5. Figure 6 presents the curve mentioned in the formulation of the proposition: two tangented conics with three additional lines, such that two of the lines are tangented to one conic, and the third line is tangented to the second conic. By the braid monodromy techniques and the van Kampen Theorem, we get the following presentation for π 1 (CP 2 − S):
Generators: {x 1 , x 2 , x 3 , x 4 , x 5 , x 6 , x 7 }. Relations:
(1) x 7 x 6 x 5 x 4 x 3 x 2 x 1 = e (projective relation) (2)
We have to show that this presentation is equivalent to the presentation of the group in the formulation of the proposition.
Relations (14) and (15) 6 to the left and using Relations (2) and (10), Relation (16) is reduced even more to x 6 x 3 x −1
By Relation (4), Relations (9) and (12) 6 . By Relation (3), we get x 3 x 7 = x 7 x 3 . Therefore, Relation (11) is simplified to x 1 x 7 = x 7 x 1 .
Using Relation (19), Relation (18) becomes x Hence, we have the following equivalent presentation:
Generators: {x 1 , x 3 , x 4 , x 5 , x 6 , x 7 }. Relations:
We start by simplifying Relation (12) . By opening the brackets and ordering the terms, one can get: (
2 . By Relation (14), this relation is equal to (x 6 x 3 x −1
Using Relation (15), this relation is reduced to (x 3 x 4 ) 2 = (x 4 x 3 ) 2 , which is known (Relation (4)), and hence Relation (12) (8), this relation is simplified to x 7 x 4 = x 4 x 7 . By this relation, Relation (7) is reduced to x 3 x 7 = x 7 x 3 which is already known (Relation (8) Hence, we get the following equivalent presentation:
Generators: {x 1 , x 3 , x 4 , x 6 , x 7 }. Relations:
7 . Hence, we can replace each appearance of
7 . Since x 7 commutes with all the other generators, we actually get the identity relation, and hence Relation (8) is redundant.
Replacing x 1 in Relation (9) yields:
3 . Since x 7 commutes with all the generators, we can cancel it from the relation. Moreover, using Relation (4) several times, the relation is simplified to:
3 . Using Relation (12) , the right side is reduced to x 4 to the left side, and using Relations (4) and (11), we get that x
6 , which can be rewritten as
3 . Replacing x 1 in Relation (13) yields:
3 ). Again, x 7 can be cancelled, since it commutes with all the generators. Using Relations (4) and (11), the relation is simplified to: x 6 x 3 x 6 x 4 x 3 = x 3 x 6 x 4 x 3 x 6 . We use Relation (11) twice in both sides of the relation, and we move x 6 x 3 to the right side. Then, by Relation (7), x 6 x 3 x 4 = x 3 x 4 x −1 3 x 6 x 3 . It can be rewritten as:
3 , which is already known. Hence, Relation (13) is redundant.
Replacing x 1 in Relation (3) gives:
7 . Again, x 7 can be cancelled. Using Relation (4) several times, we obtain: x 3 x 6 x 4 x 3 x 4 x 6 = x 6 x 4 x 3 x 4 x 6 x 3 . The right side can be written as x 6 x 4 x 3 x 4 x 3 x −1 3 x 6 x 3 . By Relation (4) and the relation we obtained from Relation (9) , it equals x 6 x 3 x 4 x 6 x 3 x 4 . Hence, we get that the relation is simplified to: x 3 x 6 x 4 x 3 x 6 = x 6 x 3 x 4 x 6 x 3 . Using Relation (7), the relation obtained from Relation (9) and some cancellations, we get the identity relation. Hence Relation (3) is redundant.
Finally, replacing x 1 in Relation (10) yields:
Again, x 7 can be cancelled. By Relation (4) and some cancellations, we get again the identity relation, and therefore Relation (10) is redundant. Hence, we get the following equivalent presentation:
Generators: {x 3 , x 4 , x 6 , x 7 }. Relations:
We first show that Relation (6) is redundant. Relation (6) yields:
4 , which equals to: (2) and (7). Using Relation (7) again, we can cancel x −1 4 , for obtaining Relation (8) . Hence, Relation (6) is redundant as needed. Now, since x 7 commutes with all the other generators, and it is not involved in any other relations, we can decompose the presentation to the following direct sum:
5.2. Proposition 1.6. In this subsection we prove Proposition 1.6, which states that if S is a curve in CP 2 which composed of two tangented conics, and three additional lines which are all tangented to one of the conics, then:
Proof of Proposition 1.6. Figure 7 shows the curve mentioned in the formulation of the proposition: two tangented conics, with three additional lines, which are all tangented to one of the conics. By the braid monodromy techniques and the van Kampen Theorem, we get the following presentation for π 1 (CP 2 − S):
We have to simplify this presentation in order to show that it is equivalent to the presentation in the formulation of the proposition.
By Relation (3), Relation (9) is equal to Relation (4), and hence it is redundant. Also, Relations (2) and (5) are equal, and hence Relation (5) is redundant.
By Relation (2), Relations (6), (7) and (8) become:
5 and x 3 x 7 = x 7 x 3 respectively. Since x 5 = x 6 , Relation (7) is redundant.
By Relation (2) again, Relations (10), (11) and (15) 
respectively. Since x 5 = x 6 , Relation (15) is reduced to
Relation (2) also simplifies Relations (16), (17) and (18) which be-
By Relation (13), Relation (12) is reduced to x 4 x 7 = x 7 x 4 . Hence, we have the following simplified presentation:
By Relation (4) 
−2 . Now, we replace x 7 in any place it appears.
Relation (4) becomes:
5 . By Relations (2) and (14), we can cancel x 5 . This is simplified by Relation (3) to the identity relation, and therefore it is redundant. Relation (7) gets the form: Moving x 5 to the left and using Relations (2) and (14) yields:
5 x 2 x 1 x 5 x 2 x 1 x 5 = x 2 x 1 x 4 x 5 x 2 x 1 . Hence, we can cancel the leftmost x 4 too, for getting: x −1 5 x 2 x 1 x 5 x 2 x 1 x 5 = x 2 x 1 x 5 x 2 x 1 . This can written also as: x 2 x 1 x 5 x 2 x 1 x 5 = x 5 x 2 x 1 x 5 x 2 x 1 . Now, since we already got this relation in the development of Relation (10), this relation is redundant too.
Therefore, we get the following equivalent presentation:
Generators: {x 1 , x 2 , x 4 , x 5 }. 
Conjectures
Motivated by the presentations we achieved in the cases of two tangented conics with up to three tangented lines, we want to propose some conjectures about the simplified presentation of the fundamental group of two tangented conics with an arbitrary number of tangented lines, which are tangented in simple tangency points. 
